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ABSTRACT

This study examines a horizontal wall jet impinging onto a forward facing step in a cross-flow. Planar
laser induced fluorescence (PLIF) experiments in a water channel indicate that the wall-jet flow after
impinging onto the step, becomes a vertical jet with an elliptical cross section. Experiments indicate that
the jet trajectory scales with the perimeter of the elliptical jet issuing vertically into the cross-flow. The
trajectory consists of three regions: the near-field region which is well described by a power law with
an exponent of 1/2, the mid-field region where the jet is fully bent over which is described by a power
law with an exponent of 1/3, and a far-field region where the jet is dominated by the cross-flow. This

ﬁe:;lvgfgrzjecmry paper provides a prediction of the plume behaviour based on the geometric and initial conditions of the
Impingement jet (diameter, step height, distance from jet to step, and velocity ratio) alone. The Briggs entrainment
Dispersion model for a round jet was also used to predict the trajectories of the jet in the cross-flow. It was found
Jet that the entrainment coefficients, « and g, for the elliptical jet case had average values of 0.15 and 0.58
Cross-flow respectively.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

This study examines the flow field which occurs when a wall jet
impinges normally onto a forward facing step and is then deflected
into a cross-flow. This geometry has not been closely examined and
may have applications in mixing and dispersion studies. The pri-
mary motivation for studying this geometry is that most pipelines
are buried and ruptures produce jets that strike the side of the
resulting crater and are deflected to the vertical then bent over
by the wind [1]. Planar laser induced fluorescence (PLIF) measure-
ments were used for both flow visualization and to measure the
concentration profiles within the jet. Two characteristics of the flow
were measured: the shape of the vertically deflected jet above the
step and the trajectory of the jet in the cross-flow. The first stage
of this investigation was to characterize the vertical jet [2], this
work indicated that the aspect ratio (S) and perimeter (P) of the
vertical jet entering the cross-flow (based on the 70% concentra-
tion contour) can be predicted by the empirical Egs. (1) and (2)
respectively.

S = 8.38(HLg)* R0 (1)
1/2
g _ 1.84R02 (%) _5.79 )
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In these equations, the geometric and velocity terms defining
the flow are defined as: the step height (H), the distance from a
point source to the step (Lg), and the ratio of the jet velocity to the
cross-flow velocity (R). Though the proper scaling parameter for
this flow is the jet:cross-flow momentum ratio, in this work the
density is uniform so this ratio is equal to RZ.

Given this information, the shape of the jet entering into the
cross-flow is fully defined as a high-aspect ratio ellipse, with a
major axis perpendicular to the cross-flow, and a minor axis in the
direction of the cross-flow velocity. The aim of this study is to pro-
duce a predictive model of the jet centerline trajectory through the
cross-flow based on these parameters, which can be used to aid in
pollution dispersion studies.

The jet in cross-flow has received significant research attention
in the past due to its importance in pollutant dispersion and fuel
injection. Though scaling methods for round jets in cross-flow have
been discussed in detail [3-7], more recently, the trajectories of
elliptic jets in cross-flow have been studied by New et al. [8,9]. The
elliptical jet in cross-flow was found to be strongly dependent on
the jet exit geometry and could be scaled with the jet to cross-flow
velocity ratio R multiplied by the hydraulic diameter of the jet [10].
However, due to “the unique flow dynamics of elliptic vortex loops”
the trajectories may not collapse to a single curve as well as round
jets in cross-flow [10]. Since the flow parameters in the present
study generate jets with high-aspect ratios (>10), they may bear
some similarity to plane jets in cross-flow as studied by Kalita et al.
[11]. Because of the large variation in the shape and size of the jet
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Nomenclature
A area of jet
By x1/2 power law fit coefficient
B, x1/3 power law fit coefficient
Cp drag coefficient
S aspect ratio of elliptical jet
d diameter of initial round jet
D minor axis of the elliptical cross section
h height above step
H step height

m momentum length scale

distance from jet to step

distance from an equivalent point source to step
perimeter of elliptical jet

ratio of the mean velocity of the jet exiting the pipe
compared with the mean cross-flow velocity

R* ratio of the calculated velocity of the vertical jet
entering the cross-flow to the local cross-flow veloc-
ity ratio at the top of the step

z"bg‘l“f\

Voo cross-flow velocity

Vv jet velocity

wo velocity of vertical jet emitted into cross-flow
X distance from the vertical jet source

z height from the floor of the waterchannel

Greek letters

o entrainment coefficient with a theoretical value of
0.11

B entrainment coefficient with a theoretical value of
0.6

Be elliptical entrainment coefficient

P density

depending on the various inlet parameters, it may be impossible to
collapse the trajectories onto a single line.

It was shown analytically and experimentally [12,13] that the
round jet in cross-flow produced by an elevated stack has two dis-
tinct regions: the jet dominated region, and the bent-over plume
region. They showed that in the jet dominated region the trajec-
tory could be modeled analytically as a power law relating the
height to the distance from the stack with an exponent of 1/2. After
the jet had entrained sufficient cross-flowing fluid the cross-flow
momentum was assumed to dominate the jet’s behaviour, and in
this fully bent-over region, a power law relation with an exponent
of 1/3 is predicted in the analytical solution. In their experimen-
tal studies the jet dominated region was found to be very small,
and present only very near to the source. In both cases, the jet to
cross-flow velocity ratio significantly effected the jet trajectory and
was used to normalize the data (along with the radius of the stack)
and produce the power law relationships. Although the elliptical jet
has quite different properties, intuitively these two regions should
still exist. Initially the flow is dominated by the jet's momentum,
and then at some point, the entrained cross-flowing fluid would
dominate the momentum of the jet. The experimental data and
predictions will be compared with the analytical model of Briggs
[12] to determine if a round-jet model can be used to predict the
trajectory of the elliptical jet in cross-flow.

2. Experimental method
Experiments were performed in the recirculating water channel

facility at the University of Alberta which has been used extensively
for jet and mixing studies [14-17]. The more recent study by the
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Fig. 1. Isometric schematic of the test section showing laser sheet optics, water
channel, inlet flows and forward facing stem.

current authors [2] operated under similar conditions, though the
cited work was both numerical and experimental and effectively
determined the inlet conditions for the current work.

The experimental apparatus is shown schematically in
Figs. 1 and 2. The system consists of a 5.24m long rectangular
channel with a cross section measuring 47 cm x68cm, with a
water depth of 40 cm. The cross-flow was varied from 0.041 m/s to
0.081 m/s, producing Reynolds numbers (based on hydraulic diam-
eter) ranging from 2 x 10 to 4 x 10%. A turbulent boundary layer
shear flow was developed in the channel using a grid composed of
square aluminum tubes, a sawtooth trip fence, and roughness ele-
ments composed of a 1.27 mm diamond shaped steel mesh attached
to acrylic panels on the bottom of the water channel. The shear flow
used was measured by [ 14] and found to produce conditions similar
to the atmospheric boundary layer.

The dyed jet was fed from a 1 m long pipe, with 8.75mm ID
running along the floor of the water channel midway between the
side walls and parallel to the cross-flow. Upstream of the outlet
an orifice turbulence generator ensured fully developed turbu-
lent flow. Dyed water of equal temperature to the cross-flow was
injected through the tube from a constant pressure vessel, ensuring
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Fig. 2. Schematic of the test section. The step height (H), the effective distance (L)
and the velocity ratio (R = Vje; / V) were varied for the parametric study. The shape
of the cross section perpendicular to the direction of the jet is shown at three loca-
tions: the pipe exit (a), the top of the step (b), and downstream of the step (c). The
round jet flattens at the step (b) and forms a high-aspect ratio ellipse which then
‘rolls-up’ to become more circular.
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Fig. 3. Single jetimage used for trajectory measurements. The concentration profile
along the jet centerline is represented by a sawtooth function to emphasize the flow
structures. The axes show the height above the step (h) against the distance from
the step (x) both normalized with the initial jet diameter (d).

constant flow rate. The velocity of the jet was controlled using a
needle valve and a rotameter giving average jet velocities of 0.47,
0.78, and 1.10 m/s. This corresponded to pipe Reynolds numbers
based on diameter of 4.1 x 103, 7.0 x 103, and 9.6 x 103.

The forward facing step traversed the entire water channel and
was perpendicular to the cross-flow. Three step heights were used:
2.54, 3.81 and 5.08 cm. The jet outlet was located 5d, 9d and 15d
from the step (43.75, 78.75 and 131.25 mm).

Images were taken to determine the trajectory of the jet after
it deflected over the step. These measurements were taken with
a vertical laser sheet located at the center of the jet. The measure-
ment system was composed of a4 W Coherent Innova 70 Argon-lon
laser, steering optics, a Powell lens, and a 12-bit Cooke SensiCam
CCD camera. The laser was run in single line mode, producing a
single beam at 488 nm, with a rated power of 2.1 W. The beam
was passed through a focusing lens, decreasing the thickness of
the laser sheet at the center of the water channel to approximately
1 mm. It was then steered by two mirrors into a 30° Powell lens
[18]. The laser sheet was used to illuminate Fluorescein Sodium Salt
(Cy0H1gNa305) which was pre-mixed in the jet tank at a concen-
tration of 0.2 mg/L. It was stated by Walker [19] that the absorption
peak for this dye is approximately 488 nm and the emission peak
is at 515 nm. A number 12 Kodak wratten gelatin filter was placed
in front of the camera to effectively attenuate the laser sheet and
reflected laser light from the recorded images. The filter was rated
to have zero transmittance at 488 nm and approximately 25% trans-
mittance at 515 nm. The camera was oriented perpendicular to the
laser sheet and focused using a 75 mm Cosmicar TV Zoom Lens.

Calibration was required to remove the effects of the non-
uniformity of the laser sheet’s light intensity, which were caused
by the spreading of the laser, the profile produced by the Powell
lens, and the operating mode of the laser. The non-uniformities in
the light sheet and camera array sensitivity were factored into the
daily calibration using a method similar to that of Hilderman and
Wilson [14,15] but assuming a linear concentration-fluorescence
correlation [19].

Jet trajectories were measured using the PLIF system with the
laser sheet aligned parallel to the jet flow and perpendicular to
the floor of the water channel. Measurements were taken from the
impingement point to approximately 8d downstream of the step.
Instantaneous images had exposure times of 10 ms; an example of
one is shown in Fig. 3. The averaged images were found by obtain-
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Fig. 4. Contour plot of the concentration of an averaged jet used for trajectory mea-
surements. Contours vary from 10 to 90% of the maximum jet concentration. Axes
represent the height above the step (h) versus the horizontal distance from the step
(x) both normalized with the initial jet diameter (d).

ing an arithmetic mean of 500 corrected instantaneous images
obtained over 36 seconds. The resolution of the single images was
0.27 mm/pixel. A contour plot showing the concentration contours
for an averaged image is shown in Fig. 4. The jet trajectory was
defined as the location of the maximum scalar concentration [5].
Power law curves were fit to the maximum scalar data to represent
the jet trajectory.

3. Experimental results

The jet in cross-flow was studied for a range of step heights,
distances from the jet to the step, and velocity ratios. It was found
that in all cases, the behaviour of the plume could be scaled with
the perimeter of the jet exiting the step (which is proportional to an
effective diameter). The use of P scaling showed three consistent
regions in the jet: the near-field, the bent-over, and the far-field
regions. Examples of these fits for a single jet trajectory are shown
in Fig. 5.

It was found for all of the experiments that in the near-field
region from 0 < x/P < 0.12 the jet followed Eq. (3). This is consis-
tent with Weil [13] who explains that in this region “the plume is
dominated by its initial mass and momentum fluxes.” Some exam-
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Fig. 5. Curve fits for a single jet trajectory measurement. The h «~ x'/2 fit is valid for
0 < x/P < 0.12, the h «~ x'/3 fit is valid for 0.12 < x/P < 0.25. The final rise is also
approximated.
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Fig. 6. Curve fits for the h M(le)l/2 power law relationship used to determine the
constant By fitted for three velocity ratios within 0 < x/P < 0.12. These tests used a
single step height and distance from the step. Jet penetration increases significantly
with increasing jet to cross-flow velocity ratio.

ples of the curve fits for this region are shown in Fig. 6. From this
figure it can be seen that there is a strong correlation between the
jet velocity ratio and the penetration of the jet into the cross-flow.
The penetration is also affected by the geometric conditions of the
impingement region (H and L) studied earlier [2]. It was found that
increasing H and L both increase the spreading of the jet before it
enters the cross-flow, which creates more surface area for entrain-
ment of cross-flowing fluid and increases the drag force acting on
the jet, decreasing its momentum. The effect of this momentum
loss on Eq. (3) is a decrease in the coefficient B;. An experimen-
tal correlation for By is given in Eq. (4) and shown in Fig. 8. It
should be noted that in Eq. (4) the initial jet diameter d is used
to non-dimensionalize the height and length terms. This is used
as a somewhat arbitrary length scale, as only one diameter was
tested in these experiments. It is possible that another length-scale
related to the initial turbulence or some sort of friction factor would
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Fig. 7. Curve fits for the h (B, x)'/> power law relationship used to determine the
constant B; fitted for three velocity ratios within 0.12 < x/P < 0.25.These tests used
asingle step height and distance from the step. Jet penetration increases significantly
with increasing jet to cross-flow velocity ratio. Further downstream thanx/P = 0.25
the cross-flow momentum, and thus the trajectory bends down towards the floor
of the channel for some cases.
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Fig. 8. Determination of B; from h - (B1x)/? in terms of the velocity ratio R, the
step height H, the jet diameter d and the effective distance to the step Lo.

be more appropriate for this correlation. The initial jet diameter is,
however, quite commonly used in the literature for round jets in
cross-flow as a scaling factor. Further research may find it to be a
reasonable length scale. Despite the use of the jet diameter, Eq. (4)
provides a good fit to the data shown in Fig. 8, and provides a pre-
diction of the measured coefficient with a maximum deviation of
25%. Fig.9

h x\1/2
ﬁ =Bl (ﬁ) (3)
1/4

By =0.42 [R (%)} (%) (4)

The bent-over region falls within 0.12 < x/P < 0.25. Within
this region, the one-third power law fit (given in Eq. (5)) is used
to characterize the jet’s trajectory. This also matches the trajec-
tory predictions of [12,13] in form, with different definitions of the
entrainment coefficients. The experimental correlation for the coef-
ficient B, is given by Eq. (6) and its fit is shown in Fig. 7. This function
isagain dependent on d for convenience only. In this region, accord-
ing to [13], the jet is fully bent-over, and its trajectory is dominated
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Fig. 9. Determination of B, from h - (Bzx)l/3 in terms of the velocity ratio R, the

step height H, the jet diameter d, and the effective distance to the step L.
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by the cross-flowing fluid which it has entrained. The correlation
defined in Eq. (6) was found to predict the measured fit coefficients
with a maximum deviation of 34%. This provides a reasonable pre-
diction, because in this location, low jet to cross-flow velocity ratios
begin to appear more like the far-field region, as shown by the
R = 5.8 data in Fig. 7. This causes the model to over-predict their
rise.

hon()"” (5)

B, = 0.31 {R (%) (5))0.5} - (6)

The far-field region (x/P > 0.25) was found to be very erratic
under the measurement conditions tested. This was most likely
due to the effects of the walls, caused by the significant spread-
ing of the jet in relation to the size of the water channel. It also
appeared that the jet’s behaviour was completely dominated by
the momentum of the cross-flowing fluid which it had entrained.
In some cases the jet stopped rising and began to fall (Fig. 7. This
was due to the recirculation zone caused by the step [20]. Since the
jet’s initial vertical momentum was dominated by the momentum
of the entrained cross-flowing fluid, the downward bending of the
cross-stream caused the jet’s trajectory to bend towards the floor.
Thus, the final rise of the plume is not known for these experiments,
and further experiments would be required to determine the exact
location of the final rise region of the plume. The jet’s final rise can
be approximated by using Eq. (5) with x/P = 0.25.

4. Entrainment model

Existing analytical round jet entrainment models were tested
to determine the accuracy of using these models for the case of the
jet impinging onto the step. The analytical models presented by
Briggs [12] and Weil [13] are given in Egs. (8) and (9) which show
the height of the jet (h) based on the distance from the jet’s source
(x). The relationship uses R*, which is the velocity ratio compar-
ing the vertical jet entering the cross-flow and the velocity of the
cross-flow. They also define a momentum length scale, ¢;, which
is given below in Eq. (7), which is dependent on the density ratio,
the velocity ratio R* and the radius of the initial round jet entering
the cross-flow (rg). The two coefficients, & and 8 were determined
experimentally by Briggs [12] to be 0.11 and 0.6 respectively for
round jets in cross-flow. These values will be compared with the
experimental results presented here for the jet emerging vertically
after impinging onto the step.

1/2
em:(%) R*ro 7)
h R* 12,y \1/2
a=(iaw+ﬂ) (7;) (8)

h 3\'"?/ x\1/3 9
w-l7) @) ®

Note that in these experiments, the density is uniform, so ¢, =
R*1g.

In order to use the round jet model to define the elliptical jet
in cross-flow presented in this study, an equivalent value for each
term is required. The two difficult parameters to determine are the
velocity ratio (R*) and the source radius (rg). The velocity of the
jet is determined by the use of conservation equations (mass flux
and momentum flux given in Egs. (10) and (11) which is derived by
Langer [21]) and are dependent on the shape and cross-sectional
areas of the vertical jets, as well as the losses present below the lip
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Fig. 10. Predicted jet trajectories assuming that the jet entering the cross-flow is
circular. The first curve represents the case with no drag and no shape change. The
second curve uses a round jet with a drag coefficient of 1.6 which was calculated
from the measured elliptical jet’s cross-sectional area. Both cases use an entrainment
coefficient of 5=0.6.

of the step.

P1V1A1 = paVohAz (10)
1

PrAIVE = 5Cop1AVE + pArVE (1)

The cross-flow velocity used was estimated for a location mid-
way between the step and the maximum plume rise using the
velocity profile measured by [14].

The source radius (rg) is typically half of the thickness of the jet
cross section. For a round jet this represents the radius of the jet,
and for an elliptical jet it is half of the minor axis of the ellipse.

The simplest and most apparent model for this system would be
to assume the horizontal jet was directed vertically without chang-
ing shape or losing momentum. In this case, the jet would have
both the same speed and radius as the initial jet. This case is shown
as the round jet with no drag in Fig. 10. From this it can be seen
that the over-prediction of the rise is very significant and unre-
alistic. To improve the accuracy of this model, the cross-sectional
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Fig. 11. Effect of the jet shape on its trajectory. The trajectories were calculated
assuming the shape of the jet entering the cross-flow was round and elliptical. Both
jets had the same area and their calculated drag coefficients were both 1.6.
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hild

x/d

Fig. 12. Jet trajectories calculated assuming that the jet's trajectory is determined
by drag and entrainment. Both trajectories assume an entrainment coefficient in the
cross-flow of 8 = 0.6. The drag cases uses a calculated drag coefficient of 1.6.

area of the vertical jet was set to match the area of the ellipse mea-
sured in [2]. For this case it is assumed that the change in shape is
caused by drag losses which the jet experiences as it travels along
the floor of the channel. The trajectory of this round jet (shown as
round jet with drag) is shown in Fig. 10. The friction losses were
found to have a drag coefficient of 1.6 for this case. From this it can
be seen that simplifying the model to a round jet under-predicts
the entrainment of cross-flowing fluid and leads to over-prediction
of the maximum rise. To improve the accuracy of the model, it is
apparent that the elliptical shape measured in [2] must be incor-
porated into the model. Fig. 11 shows a comparison of a round jet
with an elliptical jet which both have the same cross-sectional area.
In both cases the losses are due to a drag force with a coefficient
of 1.6. The use of the elliptical cross-section significantly improves
the fit of the model to the data.

It can be argued that as the wall jet travels along the floor and
the fluid impinges onto the step, it entrains surrounding fluid. This
entrainment explains both the spread and the change in the mean
velocity of the jet. To determine the effect of this entrainment, the
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Fig. 13. Effect of the local velocity ratio (R*) on the calculated drag coefficient (Cp).
The trend is weak and may be due to scatter in the data. However, the drag coefficient
decreases with Reynolds number as expected.
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Fig. 14. Effect of the step position (L) and height (H) on the calculated drag coeffi-
cient. The increase in HL increases the surface area which the jet travels over before
entering the cross-flow, increasing the momentum loss due to drag.

trajectory of this jet was determined by assuming that there was
no drag force (so the momentum flux of the initial jet and the jet
entering the cross-flow are equal), and the decrease in the mean jet
velocity was caused by the addition of mass into the flow. Fig. 12
shows a comparison between the trajectory of the jet assuming
entrainment with the trajectory assuming a drag coefficient of 1.6.
In this case it is apparent that the use of a drag force explains the
change in the jet’s behaviour better than entrainment before the
step. Fig. 13 shows the effect of the velocity ratio on the calcu-
lated drag coefficient, and shows that as expected, when the jet’s
Reynolds number increases the jet experiences less drag. The drag
coefficient is more strongly influenced by the geometry of the step
as shown in Fig. 14. This shows that the more the jet is in contact
with the wall, the more drag acts on the jet. From this it appears
that using the elliptical cross section, with ry defined as half of the
minor axis of the ellipse, and assuming that the changes in jet shape
and velocity before the top of the step are caused by drag forces lead
to the most accurate prediction of the jet trajectory.
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Fig. 15. Entrainment coefficient & given in Eq. (8) (h -~ x!/2) for the near-field region
for the jet. The value presented in Weil [13] is constant with o = 0.11. Here, the
average is o = 0.15 with a standard deviation of 0.13.
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Fig. 16. Entrainment coefficient g for the fully bent-over region of the jet calculated
using Eq. (9) (h ~ B~2/3x1/3). The value given in Briggs [12] and Weil [13]is 8 = 0.6.
Here the meanis 8 = 0.58 (shown with the horizontal line) with a standard deviation
of 0.14.

After calculating the jet velocity entering the cross-flow the
entrainment coefficients from Egs. (8) and (9) were determined
through the use of the empirical correlations given in Egs. (3) and
(5). This produced the relationship for 8 given in Eq. (12).

34 1/2 /D

#=(5) * () (12)

Fig. 15 shows the dependence of « on the velocity ratio. The
average value of @ was found to be 0.15 with a standard deviation
of 0.13, and it appears to have a slight dependence on R*. How-
ever, with the large quantity of scatter, it is possible that the value
approaches the average presented by [13]of ¢ = 0.11.From Fig. 16
it can be seen that the velocity ratio has little dependence on . Due
to the large scatter, the average value of § is recommended, which
has a value of 0.58, with a standard deviation of 0.14. The aver-
age value presented by Briggs [12] is 8 = 0.6, which agrees with
the value measured by these experiments. Fig. 17 gives the two
curve fits using Eqgs. (8) and (9) for a single jet trajectory image.

x/d

Fig. 17. Curve fits using the average values of « = 0.15 and 8 = 0.58 for a single jet
using h « (@, B) x'/2 and h «~ B~2/3x1/3, In the far-field region, the bending stream-
lines in the cross-flow due to the recirculation over the step [20] causes the jet to
bend towards the floor of the channel.

This figure shows the accuracy of the trajectory predicted using
the entrainment model. It shows a reasonable fit in the near-field
and bent-over jet region, but in the far field it over-predicts the final
plume rise.

5. Conclusions

This study has presented two methods of predicting the trajec-
tory of an elliptical jet in cross-flow formed by a wall jet impinging
onto a forward facing step. In both cases the flow contained three
regions: a near-field region dominated by the initial jet momen-
tum, the fully bent-over region where the cross-flowing fluid has
been entrained, and the far-field region where the jet’s rise has
stopped. In the near-field region a power law fit with an expo-
nent of 1/2 was found to best fit the trajectory data. In the fully
bent-over region, the exponent to the power law was 1/3. This is
consistent with the round jet in cross-flow analytical models given
in [12,13]. In the far-field the jet stopped rising and in some cases
fell below its maximum rise. This was most likely caused by wall
effects and a recirculation zone over the step changing the veloc-
ity profile of the cross-flowing fluid. The two models presented
varied significantly in their approach. The first model used exper-
imental correlations relating the jet’s inlet velocity ratio and the
step’s geometry to the experimental curve fit. The second model
used a modified version of the analytical entrainment models pre-
sented by [12,13] for round jets. The entrainment coefficients for
the round jets were found to be within one standard deviation of
those calculated using the elliptical jet model. It was also deter-
mined that the spreading of the jet along the wall and during
impingement was dominated by a drag force with an average drag
coefficient of 1.6. Based on the scatter in the data it is recommended
that the empirical correlations be used to predict the jet trajecto-
ries.
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